Abstract. We relate the set of complete reduction vectors of a Z s -graded admissible filtration of ideals F with the set of multigraded regularities of G(F). We prove reg(G(F)) = reg(R(F)). We establish a relation between the sets of complete reduction vectors of F and postulation vectors of F under some cohomological conditions.
introduction
Let R = n∈N R n be a standard Noetherian N-graded ring defined over a local ring (R 0 , m) and is the reduction number of I.
In this context, it is natural to ask : What is an analogue of Castelnuovo-Mumford regularity in multigraded case and relation between multigraded regularity of multi-Rees algebra and associated multigraded rings.
The objective of this paper is to study multigraded regularity of blowup algebras, reduction vectors and postulation vectors of a Z s -graded admissible filtration of ideals. Among the themes presented are : (1) equality of the sets of multigraded regularities of two blowup algebras associated to a Z s -graded admissible filtration of ideals F, (2) relation between the set of complete reduction vectors of F and the set of multigraded regularities of blowup algebras associated to it and (3) relation among complete reduction vectors and postulation vectors of F under some cohomological conditions.
First we set up notation and recall few definitions. Throughout this paper, (R, m) denotes a Noetherian local ring of dimension d with infinite residue field. Let I 1 , . . . , I s be m-primary ideals of R. We denote the collection (I 1 , . . . , I s ) by I. For s ≥ 1, we put e = (1, . . . , 1), 0 = (0, . . . , 0) and e i = (0, . . . , 1, . . . , 0) ∈ Z s for all i = 1, . . . , s where 1 occurs at ith position. For n = (n 1 , . . . , n s ) ∈ Z s , we write I n = I n 1 1 · · · I ns s and n + = (n + 1 , . . . , n + s ) where n + i = max{0, n i }. For α = (α 1 , . . . , α s ) ∈ N s , we put |α| = α 1 + · · · + α s . We define m ≥ n if m i ≥ n i for all i = 1, . . . , s. By the phrase "for all large n", we mean n ∈ N s and n i ≫ 0 for all i = 1, . . . , s. A set of ideals F = {F(n)} n∈Z s is called a Z s -graded I-filtration if for all m, n ∈ Z s , (i) I n ⊆ F(n), (ii) F(n)F(m) ⊆ F(n + m) and (iii) if m ≥ n, F(m) ⊆ F(n).
Let t 1 , . . . , t s be indeterminates. For n ∈ Z s , we put t n = t n 1 1 · · · t ns s and denote the N s -graded Rees ring of F by R(F) = n∈N s F(n)t n and the Z s -graded extended Rees ring of F by R ′ (F) = n∈Z s F(n)t n .
For an N s -graded ring S = n≥0 S n , we denote the ideal
be the associated multigraded ring of F with respect to F(e). For F = {I n } n∈Z s , we set R(F) = R(I),
-module. For an m-primary ideal I in a Noetherian local ring (R, m) of dimension d, P. Samuel [16] showed that for all large n, the Hilbert-Samuel function of I, H I (n) = λ (R/I n ) coincides with a polynomial Let s ≥ 2, I 1 , . . . , I s be m-primary ideals and F be a Z s -graded I-admissible filtrations of ideals in a
Rees [15] proved that there exists a polynomial of total degree d, called the Hilbert polynomial of F, of the form
for all large n. Here e α (F) are integers called the Hilbert coefficients of F.
Rees [15] showed that e α (F) > 0 for |α| = d. These are called the mixed multiplicities of F. B. Teissier [18] and P. B. Bhattacharya [1] showed existence of this polynomial for the filtrations {I n } n∈Z s and {I n } n∈Z 2 respectively.
Let I be an m-primary ideal in a Noetherian local ring (R, m). An integer n(I) is called the postulation number of a Z-graded I-admissible filtration I = {I n } n∈Z if P I (n) = H I (n) for all n > n(I) and P I (n(I)) = H I (n(I)). Let F = {F(n)} n∈Z s be an I-admissible filtration of ideals in a Noetherian local ring (R, m) and s ≥ 2. A vector n ∈ Z s is called a postulation vector of
for all m ≥ n. We use the notation P(F) to denote the set of all postulation vectors of F.
D. Maclagan and G. Smith [7] have developed a multigraded variant of Castelnuovo-Mumford regularity in terms of vanishing of mutigraded components of local cohomology modules. Let R = n∈N s R n be a standard Noetherian N s -graded ring defined over a local ring (R 0 , m). Let M = n∈Z s M n be a finitely generated Z s -graded R-module. Let m ∈ Z s . We say M is m-regular if for all n ∈ N s , A reduction of a Z-graded I-admissible filtration I is an ideal J ⊆ I 1 such that JI n = I n+1 for all large n. A minimal reduction of I is a reduction of I minimal with respect to inclusion. For a minimal reduction J of I, the integer r J (I) = min{m ∈ N | JI n = I n+1 for n ≥ m} is called the reduction number of I with respect to J and the integer r(I) = min{r J (I) : J is a minimal reduction of I} is called the reduction number of I. For a sequence of m-primary ideals I, Rees [15] introduced the concept of complete reductions and joint reductions to study the multigraded Hilbert function H I (n) = λ(R/I n ).
D. Kirby and Rees [6] generalized it further in the setting of multigraded rings and modules.
Let F = {F(n)} n∈Z s be a Z s -graded I-admissible filtration of ideals in (R, m) and d ≥ 1. A set of
A vector r ∈ N s is called a complete reduction vector of F with respect to A F if for all n ≥ r, (y 1 , . . . , y d )F(n) = F(n + e). We use the notation R A F (F) to denote the set of all complete reduction vectors of F with respect to the complete reduction A F .
is called a joint reduction of F of type q if for all n ≥ m for some m ∈ N s ,
A vector m is called a joint reduction vector of F with respect to the joint reduction A q (F) if the above equality holds for all n ≥ m.
In order to detect reduction vectors of multigraded admissible filtrations, we use the theory of filterregular sequences for multigraded modules. Let M = n∈Z s M n be a finitely generated Z s -graded R-module where R = n∈N s R n is a standard Noetherian N s -graded ring defined over a local ring (R 0 , m). A homogeneous element a ∈ R is called an M -filter-regular if (0 : M a) n = 0 for all large n.
Let a 1 , . . . , a r ∈ R be homogeneous elements. Then a 1 , . . . , a r is called an M -filter-regular sequence if
The paper is organized in the following way. In section 2, we discuss some preliminary results required in the following section. In section 3, we show that reg(G(F)) ⊆ N s in which the following result plays a crucial role. 
We generalize the equality reg(R(I)) = reg(G(I)) for Z s -graded admissible filtrations F. Theorem 1.2. Let (R, m) be a Noetherian local ring of dimension d ≥ 1 with infinite residue field and I 1 , . . . , I s be m-primary ideals in R. Let F = {F(n)} n∈Z s be an I-admissible filtration of ideals in
We show that in a Noetherian local ring of dimension d ≥ 1, for any complete reduction A F = {a ij ∈
where y * j = y j + I 2e ∈ G(I) e for all j = 1, . . . , d and using this we prove the following result. 
filtration of ideals in R and A F = {a ij ∈ I i : j = 1, . . . , d; i = 1, . . . , s} be any complete reduction of
In particular, for s ≥ 2, there exists a one-to-one correspondence
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preliminaries
Let R = n∈N s R n be a standard Noetherian N s -graded ring defined over an Artinian local ring
set of all homogeneous prime ideals P in R such that R ++ P. By [4, Theorem 4.1], there exists a
Since for all large n,
Proof. Let {m 1 , . . . , m r } be a generating set of M as R-module and deg
Since M is finitely generated, there exists an integer Therefore by [12, Proposition 2.5], G(F) is finitely generated G(I)-module. Now for all large n,
is a numerical polynomial in Q[X 1 , . . . , X s ] of total degree d − 1 for all large n and e β (G(F)) > 0 for all β ∈ N s where |β| = d − 1 for s ≥ 2 and e 0 (G(F)) > 0 when s = 1. Since {F(ne)} n∈Z is a Z-graded
R n be a standard Noetherian N s -graded ring defined over an Artinian local
M n be a finitely generated N s -graded R-module and e α (M ) > 0 for all
Proof. Consider the exact sequence of R-modules
Since f is M -filter-regular, for all large n, we get
and hence for all n ∈ Z s , M n be a finitely generated N s -graded R-module. Let a ∈ R m be an M -filter-regular where m = 0. Then for all n ∈ Z s and i ≥ 0, the following sequence is exact
Proof. Consider the following short exact sequence of R-modules
Since a is M -filter-regular, (0 : M a) is R ++ -torsion. Hence
for all i ≥ 1.
Therefore the short exact sequence of R-modules
gives the desired exact sequence. Proof. We use induction on t. Let t = 1. By Lemma 2.4, for all i ≥ 0, we get the exact sequence
Since for all i ≥ 0 and n ≥ m,
Since a t is M ′ -filter-regular, using t = 1 case, we get
Lemma 2.6. Let (R, m) be a Noetherian local ring of dimension d ≥ 1 with infinite residue field and I 1 , . . . , I s be m-primary ideals in R. Let F = {F(n)} n∈Z s be an I-admissible filtration of ideals in R.
Let y 1 , . . . , y t ∈ I e and m ∈ N s such that F(n) = (y 1 , . . . , y t )F(n − e) + F(n + e) for all n ≥ m. Then F(n) = (y 1 , . . . , y t )F(n − e) for all n ≥ m.
Proof. Since F is an I-admissible filtration, by [12, Proposition 2.4] , for each i = 1, . . . , s, there exists an integer r i such that for all n ∈ Z s , where n i ≥ r i , F(n + e i ) = I i F(n). Let r = max{r 1 , . . . , r s }.
For all n ≥ m, we get
. . , y t )F(n − e) + . . . + (y 1 , . . . , y t )F(n + re) + F(n + (r + 1)e) ⊆ (y 1 , . . . , y t )F(n − e) + I e F(n + re) ⊆ (y 1 , . . . , y t )F(n − e) + mF(n).
Thus by Nakayama's Lemma, we get the required result. Proof. We prove it using induction on l. Let l = 1. By Lemma 2.4, for all i ≥ 1 and n ∈ Z s , we have the following exact sequence
Let i ≥ 1 and p ∈ N s such that |p| = i − 1. Since |e j + p| = i, we have H 
Since a l is N -filter-regular element, the result follows from l = 1 case.
multigraded regularity, reduction vectors and postulation vectors
In this section we prove that for a Z s -graded I-admissible filtrations of ideals, 
Therefore by Nakayama's Lemma, we get the required result. Thus by Theorem 3.1, for all n ∈ N s , we have
Now F is an I-admissible filtration. Hence by [12, Proposition 2.4] , for each i = 1, . . . , s, there exists an integer r i such that for all n ∈ Z s , where n i ≥ r i , F(n + e i ) = I i F(n). Let r = max{r 1 , . . . , r s }.
Note that k ≥ m + e 1 . Thus for all n ∈ N s , we have
Thus by Nakayama's Lemma, F(k) = 0 which is a contradiction. Hence reg(G(F)) ⊆ N s .
We recall the following result. 
Proof. First we prove that reg(G(F)) ⊆ reg(R(F)). Consider the short exact sequence of R(I)-modules
which induces the long exact sequence of R-modules
n for all i = 0, 1 and n ∈ N s .
Since by Theorem 3.2, reg(G(F)) ⊆ N s , we get reg(G(F)) ⊆ reg(R(F)).
Conversely, suppose m ∈ reg(R(F)). Let N be the R(I)-submodule of R(F) such that
Consider the short exact sequence of R(I)-modules
which induces a long exact sequence of modules
is exact. Now consider the short exact sequence of R(I)-modules
Consider the exact sequence
Case 2: Let m + n + e j ∈ N s . Then m + n + e + e j ≥ e. Therefore from the exact sequence (3.4.1), we have
Hence from the exact sequence (3. Proof. Since F is I-admissible filtration of ideals in R, G(F) is finitely generated G(I)-module. First we prove that if A F is a complete reduction of F then a n = G(I) n for all large n. For a complete reduction A F of F, we have (y 1 , . . . , y d )F(n) = F(n + e) for all large n. Since F is an I-admissible filtration, by [12, Proposition 2.4], for each i = 1, . . . , s, there exists an integer r i such that for all n ∈ Z s , where n i ≥ r i , F(n + e i ) = I i F(n). Thus for all large n, we get
Therefore by [15, Lemma 1.5], we get (y 1 , . . . , y d ) is a reduction of I e and hence (y * 1 , . . . , y * d ) n = G(I) n for all large n.
Consider the k-vector space a e /ma e . Then for each j = 1, . . . , k, (P j ∩ a e + ma e )/ma e = a e /ma e .
Since k is infinite, there exists f 1 ∈ a e \ k j=1 (P j ∩ a e + ma e ). By [12, Proposition 4.1] , there exists m such that [H 0
Hence f 1 is M -filter-regular and its image in the k-vector space a e /ma e is linearly independent.
If d = 1 then we are done. Suppose d ≥ 2. Then by above procedure we can choose f 1 ∈ a e . Since k is infinite, by Nakayama's Lemma and Lemma 2.3, for each i = 2, . . . , d, there exists an element
Hence f 1 , . . . , f d is an M -filter-regular sequence and images of f 1 , . . . , f d in a e /ma e are k-linearly independent. Since a is generated by elements of degree e, we get a = (f 1 , . . . , f d )G(I). Therefore Q(X) = 0. Hence e e i +(d−1)e j (F) = 0 which is a contradiction.
We recall the following result. be m-primary ideals of R. Let F = {F(n)} n∈Z s be an I-admissible filtration of ideals in R. Then
Theorem 3.9. Let (R, m) be a Noetherian local ring of dimension d ≥ 1 with infinite residue field and I 1 , . . . , I s be m-primary ideals in R with grade(I 1 · · · I s ) ≥ 1. Let F = {F(n)} n∈Z s be an I-admissible filtration of ideals in R and A F = {a ij ∈ I i : j = 1, . . . , d; i = 1, . . . , s} be any complete reduction of
Proof. Consider the short exact sequence of R(I)-modules
This induces the long exact sequence of R-modules
(1) Let r ∈ R A F (F) with r ≥ (d − 1)e. Therefore by Theorem 3.6, we get (R(F))] n = 0 for all n ≥ r − (d − 1)e. Therefore again using the Difference Formula (Theorem 3.8), we get
(2) Let m ∈ P(F). Then m ≥ 0 and for all n ≥ m, by Proposition 3.3, the Difference Formula (Theorem 3.8) and the change of ring principle, we have
Therefore by Proposition 3.3 and the change of ring principle, we get that H i 
Therefore by Lemma 2.6, for all n ≥ m+de, we have F(n) = (y 1 , . . . , y d )F(n−e). Hence m+(d−1)e ∈ R A F (F). In the following example we show that we cannot drop the condition on H i Hence e 0 (I) = e 0 (J) = 4. Now for large n, P IJ (n) = λ R (IJ) n = P I (ne) and P I 2 J (n) = λ R I 2n J n = P I (2n, n). Comparing the coefficients on both sides we get P I (r, s) = 4 r + 1 2 + 4 s + 1 2 + 4rs − r − s.
Then P I (0, 1) = 3 = 4 = λ (R/J) . Hence (0, 0) / ∈ P(I).
